Solution Sheet 2

1. If a function is a function known to be holomorphic in a certain domain
it will only be stated without a proof.

o f(z+iy) =e “e " implies that f(z) = e * this function is entire,
i.e. holomorphic in all of C.

ou

e In this case u(z,y) = z? and v(zr,y) = y*>. Hence 3 = 2z,
x
0 0 0
A 2y and gL _ 0. The second Cauchy-Riemann equa-
dy oy O

tion holds automatically, as for the first we get x = y, hence the
equations holds precisely on the diagonal in the plane.

e Plug those formulae into the definition of the function to get:

flz) = (e + e—”ﬁ;(ey +e7Y) B (e — e_mz)(ey e )

eir—l—y + eir—y + e—ix—i—y + e—ix—y _ eiz+y + 6ix—y + e—im—i—y _ e—ix—y
2

— eix—y + e—ix—i—y _ eiz + e—iz'
This is an entire function.

e We write out: f(2) = (z + iy)? — (v — iy)? = 2% + 2izy — y* —
22 + 2izy + y? = 4izy. Hence u(z,y) = 0 and v(x,y) = 4xy.
The Cauchy-Riemann equations then yield 4iy = 0 amd 4ix = 0.
Hence they hold if and only if z =y = 0.
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2. For (z,y) # (0,0,) we have that u(z,y) = Z;”QTyyz and v(z,y) = %
Let us compute the partial derivatives at (0,0).

u . u(h,0) —u(0,0)
00 = fiy M0 <o
u . u(0,h) —u(0,0)
gy 00) = i n =0
. v v : :
Similarly Erial- i 0. Hence the Cauchy-Riemann equations hold
€z Y

at 0. To show that f is not differentiable at 0 consider the sequence
_ 14 :
Zn = ot then:




Hence:
f(zn) — £(0) n 144 1

limn — oo

n T 1+4iom 2
Therefore the limit limy,_, w doesn’t exist.
3. Let f(2) = u(z,y) + iv(z,y).

e Since f is always real v = 0. Now apply the Cauchy-Riemann

u  Ou
equations to get that — = — = 0. Hence f is constant.
or 0Oy
e Write f(2) = u(x, y)+iv(z,y), hence f(2) = u(z,y)—iv(z,y). For
every z = x+1y € D the function f satisfies the Cauchy-Riemann

. ou ov ou ov
equations, hence 8—x(x,y) = a—y(x,y) and a—y(a:,y) = —a—x(x,y).

By assumption f is also holomorphic, hence its real and imagi-
nary parts satisfy the Cauchy-Riemann equations as well. Hence

0 0 0 0
Gu(Py) = 5 (@y) and Fo(r,y) = 5o (r,y). Sumning the
: : ou v
respective equations we get that — = — = 0 and hence also
ox Jy
Jdv  Ju

Ere 8_y = (. Hence f is constant.
e Since |f] is constant we can write u* + v* = C. If C' = 0 then
clearly u = v = 0 and hence f = 0 and in particular f is constant.
So we assume that C' # 0, hence f has no zeroes. Therefore
g(z) = % is also holomorphic in D. On the other hand C = ff,

hence g = f. However by a previous exercise f is constant.

e We have that Au(x,y)+Bv(z,y)+C = 0, for every z = x+iy € D.
Taking partial derivatives we get:

ou ov

A5 T8 =0
ou ov

A— + B— =0.
6y+ dy 0



Since f is holomorphic we get that:

ox dy
ou ou
A—+B—=0.

oy * ox

Now if either A or B is 0 then the other is not and hence ? =
i
0
a_u = 0. Using the Cauchy-Riemann equations once more we
Y

deduce that f is constant. Assume now that both A # 0 and
B # 0. Then we multiply the first equation by A and the second

by B and add:
Ju
A*+ BY)— =0
(A% + B%) o
0
Since A%+ B? > 0 we get that a—u = 0. Using the above equations
x
0
we get that gu_ 0 as well. Hence f is constant.

dy

4. We will show that for every z € D the derivative exists using the
definition. Write:

g(z+h) —9(2)

i JCTR-FE) | TERN -G

h h—0 h h—0
= lim f(§+ ,)_f@)
h—0 h

lim

h—0

The last limit exists since z € D and f is holomorphic in D and since
the adjoint is continuous h — 0.

5. We will use the fact that f is complex differentiable.

e Compute the derivative of f in two ways. Set z = re? and calcu-

late:
_ f(re? +te?) — f(te?)
/ . .
e = fei -
gy u(r+t,0) Fav(r +t,0) —u(r,0) —iv(r+t,0)
— ¢ lg% t -

=e " @—I—z@
N or or)



Hence:

e S 0 pt
ar—l—zar e f'(z).

We can also compute the derivative as follows:

F(z) = i 0T T re?)

t—0 7‘@1(9+t) — ret
1. wu(r,0+t)+iv(r,0 +t) —u(r,0) —iv(rd)

" =0 ci(0+0) _ b
u(r, 0 +t) +iv(r,0 +t) —u(r,0) —iv(ro) t

= —lim

r t—0 t ei(0+t) _ oif -
1 ou n Ov
~drei® \ 06 Za@ ’
Hence: 5
ire f'(z) = a—z + za—g

Multiply the for the partial derivatives along r by ir and subtract
the equation for the partial derivatives along 6, to get:

Now both the real and imaginary parts of this equation have to
be 0.

e This is identical.

. First note that g is defined on the set {z € C | |z| > R}. To see
this note that if z = re? then z = re™ and R—2 = R726i‘9. For g to
be well defined we need R?Q € Dg(0). Hence in particular - E - R,
which in turn implies that R < r. Now write f(z) = u(r,6) + w(r 0),
by the above computation we get that g(z) = a(r,0) + iv(r,d), where
a(r,0) = u(R?*/r,0) and o(r,0) = —v(R?/r,0). Now compute:

ou ou R? r Ov R?

ar 2 o B/ 6);—5) = 239 (B/r0)(=5) =
1ov, , 10%
= LB 6) = 2 (r,6).

The second computation is very similar.
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7. We will use the formula for the radius of convergence.

e Compute:

00, J|a|l>1,

limsup {/|a|®* =limsupla[" =<1, |a| =1,
n—oo n—oo
0, Jaf<1.
0, Jaf>1
Hence the radius of convergence R =< 1, |a| = 1,.

0o, |a] <1

0, m #nl,

e In this case the coefficients are the sequence a,, = 7 :
1, m=n!

Hence limsup,,_,., ¥/a, = 1 and therefore the radius of conver-

gence is 1.

Another way to see it is by noting that this series is a subseries
of Y, 2" and hence its radius of convergence is at least 1. On
the other hand clearly for z = 1 the series diverges, therefore the
radius of convergence is exactly 1.

e Clearly limsup,,_,., Vn=" = 0, hence the radius of convergence is

Q.

8. The following power series will be examples of the properties required
(there are many others, if you've found a good example and can prove
come show it to one of the TAs):

. n . . . .
o The series ) | %3 have the unit disc as their domain of conver-
gence. Indeed use the formula for radius of convergence:

limsup —— = 1.
/02
n—o00 n

We can write, for ever z, such that |z| = 1:

D | S <o
n=0 n=0




9.

10.

11.

e The series >~ nz" converge in the unit disc as well. One can
see it either by utilizing the radius of convergence formula again
or by simply noting that S°°° nz" = 2 (322°2")" and recalling
that the derivative will have the same radius of convergence. Now
if |z| = 1 then z = €¥ for some real §. Plugging it into the series
we get Y ne. note that the general term does not tend to 0,
hence the series diverges.

n

The series Y, % will serve as an example (this are constant func-
tions). If > >° M, dominates this series then M, > % therefore
> oo M, diverges.

If |z| < 1—0, then clearly Y ° /2™ is dominated by the series Y~ (1—

N" = %. Therefore by the Weierstrass M-test the series converges

uniformly.
Now if |z| < 1, then we need to show that the remainder of the series
does not converge uniformly to 0. Fix an integer N. The remainder

Yo A= fivz Take z = 1 — . Then the remainder is N(1 — +).

For N sufficiently large this number is close to %, hence it does not go
to 0. It implies that we don’t have uniform convergence (independent
of z).

o Write p(z) = AIl_, (2 — z). Then p'(2) = AT, 1T}, (2 — 2).
k#j
Hence the logarithmic derivative is: ’

e Compute:

vV—1Uu v—a u—a

Im( 2 ) = Im( 2 ) — Im( 2

) > 0.

e Assume that 2y ¢ H is a root of the derivative of p. In particular
Zp is not a root of p, since all of its roots are in H. Hence zj is a
zero of the logarithmic derivative of p, i.e.:

n

1
ZZO_ijo.

J=1
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12.

13.

Note that since the sign of reciprocals are opposite, applying the
second part of the exercise yields:

b

20 — Zj

Im( < 0.

The above inequality holds for every 1 < j < n. Now multiply
the logarithmic derivative of p at zy by b and take the imaginary
part to get:

Im(bp;(;o(;)):ZIm( by <o

P 20 — %

However it contradicts the fact that zy is a zero of the logarithmic
derivative of p.

Define an auxiliary function g(z) = 11 . Note that on the unit circle
2z = 1, hence ¢(2)/f(z) = 1 on the unit circle (since if z = € 27! =
z). This implies that on the unit circle g(z) = f(z), in particular

f(2) —g(z) = 0 on the unit circle. However f(z) — g(2) is a rational
function and hence has only a finite number of zeroes, Hence f(z) =
g(z) everywhere in C. So if z is a zero of p then 1 is a zero of ¢ and

vice versa. Hence f has the following form:

I (2 = ag)
i T

Where A € C is a constant.

Similarly as in the previous exercise let g(z) = f(Z). Then since f is
real on the unit circle we get that f(z) = ¢g(z) on the unit circle and
hence everywhere in C. Therefore if z is a zero of p so is % and similarly
for q.



